Abstract. We show that the nilpotency of the metacyclic subgroups of a hypercyclic group implies the hypercentrality of the whole group. We also construct a center-free metabelian group all of whose polycyclic subgroups are abelian.
Introduction
For a group G and a group class or property X, let XG denote the set of X-subgroups of G. Assume that a group G belongs to a certain universe V of groups and let X and T be two further classes. Many theorems in group theory tell us how to verify the property X for G by testing the property on the members of a test family TG, consisting of some 'small' subgroups of G. In the language of group classes, these theorems are of the form:
G A V and TG J XG ) G A X (i.e. if in a V-group G, the T-subgroups are in X, then G itself is an X-group).
For example, the nilpotency of a finite group G follows from that of its 2-generated subgroups.
By definition, any local property LX can be read o¤ from its finitely generated subgroups. In a classical paper [2] , Baer studied properties of groups which can be detected from their countable subgroups. Also it is a simple exercise to prove that the finiteness of a soluble group is a consequence of the finiteness of its abelian subgroups. We mention also the Hall-Kargapolov-Kulatilaka theorem (see [3] , [9] ) which shows that the finiteness test also holds in the universe V ¼ LF of all locally finite groups and hence in the universe of all soluble-by-(locally finite) groups. Further classical theorems tell us that, for a soluble group G the minimal, maximal and minimax conditions can likewise be tested on its abelian subgroups: these results are due to Mal'cev, Schmidt, Baer and Zaitsev (see [7, Chapter 6] and [9, pp. 455-461] ).
In [5] , the authors of the present article showed that in the universe of soluble groups, the metabelian subgroups form a test family for the properties of having finite, polycyclic or Č ernikov central quotients. Continuing this line of investigation, we consider in the universe V of all hypercyclic groups the property of being hypercentral. Our main conclusion is that the set of all metacyclic subgroups is a test family for this property. Our principal results are as follows: Theorem 1. Let G be a supersoluble group. If the metacyclic subgroups of G are nilpotent, then G is nilpotent.
Theorem 2. Let G be a hypercyclic group. If the metacyclic subgroups of G are nilpotent, then G is hypercentral.
It is not hard to see that the nilpotency of the metacyclic subgroups of a group G is equivalent to the condition that every element x of G is contained in the hypercenter of the normalizer N G ðhxiÞ. To see the necessity of this condition, note that, if the metacyclic subgroups are nilpotent, an element x A G of infinite order is central in N G ðhxiÞ, whereas the minimal subgroups of hxi are central in N G ðhxiÞ if x has finite order.
Our theorems have the following immediate consequences:
Corollary 1. For any group G, the following assertions are equivalent.
(a) Every element x of G is contained in the hypercenter of N G ðhxiÞ.
(b) The metacyclic subgroups of G are nilpotent.
(c) The supersoluble subgroups of G are nilpotent.
(d) The hypercyclic subgroups of G are hypercentral.
(e) The locally supersoluble subgroups of G are locally nilpotent.
Since a hypercentral group is hypercyclic, Theorem 2 can also be seen as a characterization of hypercentral groups: Corollary 2. A group G is hypercentral if and only if it is hypercyclic and the metacyclic subgroups of G are nilpotent (or equivalently x is contained in the hypercenter of N G ðhxiÞ for all x A G).
On the other hand, since the metacyclic subgroups of the alternating group A 4 are abelian, it is not clear how the universe of the hypercyclic groups could be extended in order to deduce the hypercentrality of a group from the nilpotency of its metacyclic subgroups. The following example shows that in the universe of the metabelian groups, even the larger test family of the polycyclic subgroups is insu‰cient to detect hypercentrality:
of the a‰ne group over the rationals Q is center-free, even although its polycyclic subgroups are abelian.
Proof. We have G G A z X , where A is the additive group of Q and X the multiplicative group of the positive rationals, with X acting on A in the natural way by multiplication. Clearly G is center-free and if P is a non-abelian subgroup of G, then A V P 0 fð0; 1Þg. If also P is polycyclic, then A V P is finitely generated and therefore cyclic. Since A V P t P and À1 B X , this is impossible. Hence P is abelian. r
For similar results within the same framework, see also the first author's doctoral thesis [4] supported by CNPq and by CAPES (Brazil).
Preparations for the proof of the theorems
The following result is an easy consequence of the standard description of the minimal non-nilpotent finite groups (see [6, p. 280] ). Lemma 1. The supersoluble, minimal non-nilpotent finite groups are exactly the semidirect products G ¼ P z Q of a group P of order p and a cyclic q-group Q, with p, q primes satisfying q j p À 1, such that Q induces a group of automorphisms of order q in P. In particular, G is metacyclic.
From this we immediately deduce Theorem 1 in the finite case:
Corollary 3. Let G be a finite supersoluble group. If the metacyclic subgroups of G are nilpotent, then G is nilpotent.
The proof of Theorem 1 in the infinite case is considerably more involved. First recall the following result, which we will tacitly use and which is a consequence of the general fact that a nilpotent subnormal subgroup of a group is contained in its Hirsch-Plotkin radical (see [9, (12.1.4 
)]):
a polycyclic-by-finite group G is nilpotent if it is generated by nilpotent subnormal subgroups.
( * ) Lemma 2. Let G be a supersoluble group and let M t G be such that M is finite and G=M is infinite cyclic. If the metacyclic subgroups of G are nilpotent, then G is nilpotent.
Proof. Note that the hypothesis is inherited by subgroups. To prove the assertion, we consider a counter-example in which jMj is minimal; then M is nilpotent, by Corollary 3. Since G=M is infinite cyclic, there is a y A G such that G ¼ M z h yi.
(1) M is a non-cyclic p-group for some prime p. Certainly M is non-cyclic since G is not metacyclic by hypothesis. Let P 1 ; . . . ; P k be the Sylow subgroups of M and assume that k > 1. Then each h y; P i i ¼ P i z h yi is nilpotent and there is a number r such that ½P i ; r y ¼ 1 for all i. Hence ½M; r y ¼ 1, the subgroup h yi is subnormal in G and G is nilpotent.
Let C ¼ C h yi ðMÞ denote the centralizer of M in h yi. Clearly C is equal to h yi G , the core of h yi in G, and yC is the automorphism induced by y in M by conjugation.
(2) The order of yC is a p-power.
Let hzi=C c h yi=C be the p 0 -part of h yi=C and put L ¼ Mhzi. Clearly zC acts on the Frattini quotient M=FðMÞ. Since M=FðMÞ is non-cyclic, it is not a chief factor of L, by supersolubility of G. By Maschke's theorem there must exist two subgroups X 1 ; X 2 t L with FðMÞ < X i < M and
The groups H i ¼ X i hzi are nilpotent, since jX i j < jMj. We now have ½X i ; r z c FðMÞ for i ¼ 1; 2 and some r. Hence ½M; r z c FðMÞ, which shows that z induces an automorphism of order a power of p in M. Hence z centralizes M, so yC is a p-element.
(3) The final contradiction.
As yC has p-power order, the group G=C ¼ MC=C z h yCi with MC=C G M is a finite p-group. But then h yCi is subnormal in G=C and h yi is subnormal in G. Again we see that G is nilpotent. r Lemma 3. Let G be a supersoluble group and let M t G. If M is infinite, then M contains an infinite cyclic normal subgroup of G.
Proof. Consider R ¼ TðMÞ, the largest normal torsion subgroup of M, which is of course finite. If L=R is a non-trivial cyclic normal subgroup of G=R contained in M=R, then L=R must be infinite. If L=R ¼ hyRi, then L ¼ R z h yi. Now y induces in R an automorphism of finite order.
Writing C ¼ C h yi ðRÞ, we have therefore that L=C is finite. Also L=D is finite where
The results of the following lemma are well known and are due to Zappa [10] (see [9, pp. 150-151] ).
Lemma 4. Let G be a supersoluble group and let OðGÞ denote the set of elements of G of odd order. Then the following assertions hold.
(a) OðGÞ is a subgroup of G.
(b) There is a chain
of normal subgroups of G such that the quotient T i =T iÀ1 is infinite cyclic for i ¼ 1; 2; . . . ; h and a cyclic 2-group for i ¼ h þ 1; . . . ; r for 0 c h c r.
The number h is the Hirsch length of G. A chain ( ** ) with minimal r will be called a shortest ordered cyclic normal chain between OðGÞ and G.
Lemma 5. Let M be a nilpotent group and let N t M be such that both N and M=N are infinite cyclic. Let a be an automorphism of M which centralizes N and inverts M=N. Then the following hold.
(a) M is an abelian group of type ðy; yÞ.
(b) There is a non-trivial cyclic a-invariant subgroup S in M such that N V S ¼ 1 and a acts by inversion on S. Moreover, SN has index 2 in M and M=S does not contain elements of odd order.
Since M is nilpotent, N cannot be inverted by t, so M ¼ N Â hti and the assertion follows.
(b) Writing M additively and identifying N with hð1; 0Þi, we may assume that a has matrix form 1 0 c À1 for some integer c. Now S ¼ hðÀc; 2Þi is a-invariant and is inverted by a. Moreover, N l S ¼ hð1; 0Þi l hðÀc; 2Þi ¼ fðx; 2yÞ j x; y A Zg is of index 2 in M. Now M=S is infinite cyclic or of type ðy; 2Þ, since it contains the infinite cyclic subgroup ðS þ NÞ=S of index 2. Thus M=S cannot contain elements of odd order. r
Proof of the theorems
Proof of Theorem 1. Let G be a supersoluble group and suppose that all metacyclic subgroups of G are nilpotent, but G is not nilpotent. Of course, this hypothesis is inherited by subgroups.
Since we already know from Corollary 3 that the theorem is true for finite groups, the group G must be infinite and there is a shortest ordered cyclic normal chain between OðGÞ and G of length r, where the terms are as in Lemma 4. We may assume that all subgroups S with an ordered cyclic normal chain between OðSÞ and S of length at most r À 1 are nilpotent.
Put M ¼ T rÀ1 and let y A G be such that G=M ¼ h yMi. The following hold:
(1) M is nilpotent. This follows since OðMÞ ¼ OðGÞ ¼ T 0 < Á Á Á < T rÀ1 ¼ M is an ordered cyclic normal chain between OðMÞ and M of length r À 1.
(2) r d 2.
If r ¼ 1, then M ¼ OðGÞ, i.e. G=OðGÞ is infinite cyclic since G is not finite. Now Lemma 2 gives the assertion.
Put N ¼ T rÀ2 , so that OðGÞ c N < M < G.
The assertion will follow if we can show that We now put R ¼ T rÀ3 , so we have OðGÞ c R < N < M < G. Moreover, M=N and N=R both are infinite cyclic, and y induces in M=R an automorphism a which centralizes N=R and inverts M=N.
(6) The final contradiction.
By Lemma 5 applied to M=R, there is a non-trivial cyclic a-invariant subgroup S=R of M=R with S V N ¼ R such that M=S does not contain elements of odd order. Since S=R is operator isomorphic with SN=N and M=N is inverted by y, we see that y also acts by inversion on S=R. Therefore Sh yi cannot be nilpotent. However, Sh yi is a subgroup of G with a cyclic normal chain OðSh yiÞ ¼ OðGÞ ¼ T 0 < Á Á Á < T rÀ3 ¼ R < S < Sh yi of length r À 1. So Sh yi will be nilpotent by minimality and we will have a contradiction if we can show that the cyclic quotient Sh yi=S is either infinite or a 2-group. However, this is clear, since ðSh yi V MÞ=S does not contain elements of odd order and also Shyi=ðSh yi V MÞ G G=M is a 2-group or infinite. r Proof of Theorem 2. Let G be hypercyclic and N t G. We first show that G=N inherits the hypothesis on G. Let X =N be a metacyclic subgroup of G=N. Then X ¼ Nhx; yi for certain elements x; y A G. Since G is hypercyclic, G is locally supersoluble (from Baer [1] , see [8, p. 73 , Corollary]) and we see that hx; yi is supersolu-ble. By hypothesis and Theorem 1, hx; yi is nilpotent, so X =N G hx; yi=ðhx; yi V NÞ is nilpotent. To prove the hypercentrality of G it is su‰cient to show that if G is nontrivial, then its center zðGÞ is non-trivial. There is a cyclic normal subgroup Z of G which is of prime or infinite order. For every g A G, we have that Zhgi is metacyclic and therefore nilpotent by hypothesis. It follows that g centralizes Z. So Z c zðGÞ.
r
